The equations of motion of nonspinning compact binary systems at the third post-Newtonian (PN) order in massless scalar-tensor theories have recently been obtained. In the present paper, we complete this work by computing at 3PN order the ten integrals of motion together with the equations of motion in the center-of-mass frame. We then perform the reduction of the center-of-mass equations to quasi-circular orbits and determine the conserved energy and angular momentum for circular orbits.
we determine the conserved energy and angular momentum in the center-of-mass frame. Finally in Sec. V, we reduce these quantities to the case of circular orbits. We conclude with some discussion. In Appendix A, one can find the full 3PN scalar-tensor conservative Lagrangian in harmonic coordinates, and we give some technical details in Appendix B.
Notations: We use boldface letters to represent three-dimensional Euclidean vectors. We denote by y A (t) the two ordinary coordinate trajectories in a harmonic coordinate system {t, x}, by v A (t) = dy A /dt the two ordinary velocities and by a A (t) = dv A /dt the two ordinary accelerations. The ordinary separation vector reads n 12 = (y 1 − y 2 ) /r 12 , where r 12 = |y 1 − y 2 |. Ordinary scalar producs are denoted, e.g. (n 12 v 1 ) = n 12 · v 1 , while the two masses are indicated by m 1 and m 2 . We also define the symmetric mass ratio ν ≡ m1m2 (m1+m2) 2 , which verifies 0 < ν ≤ 1/4. We noten L the symmetric trace-free (STF) product of ℓ spatial vectors n i , with L = i 1 · · · i l a multi-index made of ℓ spatial indices. Additionally, to express quantities in the centre-of-mass frame, we introduce the notations n = n 12 and r = r 12 , and define the relative position x = y 1 − y 2 , velocity v = v 1 − v 2 and acceleration a ≡ dv dt . We then pose v 2 = (vv) = v · v andṙ = (nv) = n · v. The orbital frequency ω is defined by the relation v 2 =ṙ 2 + r 2 ω 2 , and will be used when dealing with quasi-circular orbits. Finally, we also define the sum and difference of the various parameters that appear in Paper I and that we remind in Sec. II. For the masses we have,
while for the scalar-tensor parameters, generically called θ 1,2 , we define 2) and for the regularisation constants,
We will write the full 3PN quantities in the following form:
The 3PN piece is then decomposed into a local part and a non-local one, 5) and the local part will be, when needed, further split into its increasing power ofG:
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II. SUMMARY OF PREVIOUS RESULTS
We consider a generic class of massless scalar-tensor theories composed of a single massless scalar field φ minimally coupled to the metric g µν , and described by the action
where R and g are respectively the Ricci scalar and the determinant of the metric, ω is a function of the scalar field and m stands generically for the matter fields. The action for the matter S m is a function only of the matter fields and the metric, and does not couple directly to the scalar field. In scalar-tensor theories, when we are dealing with compact, self-gravitating objects, we have to take into account the internal gravity of each body. To deal with it we follow the same approach as in Paper I, pioneered by Eardley [18] , by considering that the total mass of each body may depend on the value of the scalar field at its location. The matter action is then given by the classical action for point particles, but with a scalar-field dependent mass m A (φ), namely 
A is the physical metric evaluated at the position of particle A using the dimensional regularisation scheme [19] .
In Paper I, we derived the equations of motion at 3PN order in harmonic coordinates. They depend on a finite number of parameters that were introduced following Ref. [14] . We start by defining the scalar-tensor parameters
where φ 0 is the value of the scalar field at spatial infinity and is assumed to be constant in time. We have also defined the rescaled scalar field ϕ ≡ φ φ0 . We then define the zeroth and higher order sensitivities of each body with respect to the scalar field,
Finally, the dynamics can be written using a finite number of PN parameters, namely,
Note that these parameters are not all independent as we have the relations α(2+γ) = 2(1−ζ) and 16δ 1 δ 2 = γ 2 (2+γ) 2 . The complete expression of the 3PN acceleration can be found in Eqs. (5.10)-(5.12) of Paper I. One peculiar feature of the scalar-tensor result is the appearance of a tail term in the conservative dynamics starting at 3PN order, while in general relativity such a term is only present at 4PN. It reads
where M = m 1 + m 2 is the ADM mass. The instantaneous terms on the second line come from the introduction of the time-varying scale r 12 , and the term on the first line is the nonlocal tail term. Such a term will have to be treated carefully in the following when we will derive the integrals of motion.
In Appendix A, we give for the first time the complete expression of the scalar-tensor Lagrangian at 3PN order. As it depends not only on the positions y A and velocities v A of the particles, but also on the accelerations a A and their higher order derivatives, the 3PN Lagrangian in harmonic coordinates is a generalised one. Here, we have reduced it to a Lagrangian linear in the acceleration by adding total time derivatives and multi-zero terms [20] . This reduction process does not affect the equations of motion, which were directly obtained in Eqs. (5-10)-(5.12) of Paper I from the Lagrangian (A1)-(A3) by writing the generalised Euler-Lagrange equations.
III. CENTER-OF-MASS EQUATIONS OF MOTION
A. The center-of-mass integral
In Paper I, we have derived the dynamics of compact binary systems in scalar-tensor theories at 3PN order in harmonic coordinates. These equations of motion can be derived from the 3PN ST Lagrangian that is displayed in Appendix A. Then, as a result of the global Poincaré invariance of the Lagrangian, we derive the ten Noetherian conserved integrals of the 3PN harmonic-coordinate motion. It consists in the energy E, the angular momentum J, the linear momentum P and the center of mass position G associated to the Lorentz boost invariance. As the results are quite long we only present here the center of mass integral, which will then be used to define the center-of-mass frame. The CM position vector obeys the relation,
and reads
together with 
In addition to the instantaneous terms, there is also a nonlocal contribution coming from the tail part of the 3PN Lagrangian. It reads,
The center-of-mass frame is then defined by the equation
We solve this equation iteratively at each PN order, order-reducing the accelerations using the CM equations of motion. It results in the expression of the positions of the particles y A expressed in the CM frame,
6a)
where x = y 1 − y 2 and v = v 1 − v 2 are respectively the relative position and velocity. The coefficients P and Q are given by
and
As a consequence of the nonlocal tail term (3.4) in the center-of-mass position, there is an additionnal nonlocal contribution to the particle positions, given by
As this is a pure 3PN contribution, it will not give an extra contribution to the relative acceleration. The particle velocities v A are obtained by differentiating the positions y A with respect to time, and order-reducing the accelerations. Note that in addtion to the conservative contributions (3.7)-(3.8), there are also some dissipative terms at 1.5PN and 2.5PN to be added to the particles' positions in the centre-of-mass frame. As we are only dealing with the conservative dynamics, we shall not display them here.
B. Acceleration in the center-of-mass frame
Inserting the previous results (3.6)-(3.9) into the equations of motion derived in Paper I, one gets the conservative relative acceleration a ≡ a 1 − a 2 . The instantaneous part of the relative acceleration have the form
where the coefficients A and B are given by 
The conservative tail part of the relative acceleration reads, 13) where the scalar dipole moment I i s is, in the center of mass frame,
14)
The contribution (3.13) only corresponds to the conservative part of the tail effects. One can see it by analysing the time-symmetric structure of the integrand, f (t − τ ) − f (t + τ ). Together with this term, there is a time-antisymmetric contribution that corresponds to the dissipative part of the tail term. It reads,
Note that we can use any regularisation scale in this expression as it will cancel out from the two terms in the integral. Such a dissipative contribution to the equations of motion will have to be taken into account when computing the energy and angular momentum rate of loss. However, as in this paper we are only interested into the conservative dynamics, we will not consider the consequences of the additional dissipative term.
IV. CONSERVED INTEGRALS IN THE CENTER-OF-MASS FRAME A. Local part
The center-of-mass conserved energy and angular momentum are composed of an instantaneous part and a nonlocal part originating from the tail contribution. We start here by displaying the local contribution, before explaining the subtle incorporation of the tail terms in the next section. It has been obtained by writing the combination dt . The complete instantaneous energy is then made of a kinetic and a potential pieces,
We have also obtained the conserved quantities by an alternative Lagrangian method, as described in [21] , and we have checked that the two methods give the same results. Using the center-of-mass coordinates (3.7)-(3.9) derived in the previous section, we can write these quantities in the CM frame. Defining the reduced CM energy E ≡ 
1a) 
(4.2d)
B. Non-local contribution
Due to the non-locality of the tail terms, one has to be careful when deriving their contribution to the energy and angular momentum. Following the same procedure as for the instantaneous terms, but with the tail part of the acceleration, a A tail , one obtains
where
The quantity E tail 0
consists in the first part of the tail contribution to the energy. It reads
where in Eq. (4.3) , finding the complete tail contribution to the energy is more complicated. A similar problem arises at 4PN in general relativity and it has been solved in [22] by resorting to Fourier series. In the following we will follow the same procedure in order to determine the additional contribution to the energy. We start by modifying the kernel function in the expression for
where e −ǫ|τ | , with ǫ > 0, is a cut-off function. At the end of the calculation, we will let ǫ tends to zero to get a finite result. Thanks to this regulator, we can perform a Taylor expansion of T i (n) s where all the individual integrals are convergent, and get
Inserting it into the expression for H 
(4.8) However this expression is still in the form of an infinite Taylor expansion. In order to obtain a non-perturbative expression, we decompose the scalar dipole moment I i s in Fourier series,
where ℓ = n(t − t 0 ) is the mean anomaly and n is the radial frequency. Such an expansion is possible because we only need I i s at Newtonian order where there is a unique frequency ω = n. Inserting it into Eq. (4.8), we get
The second term in this equation is a AC contribution, oscillating with time with zero average value, and it will vanish for circular orbits. The first term in the right hand side of Eq. (4.10) is a constant DC contribution, and turns out to be crucial in the computation of the total energy, as it does not vanish for circular orbits. Note that the DC term also admits a closed-form formulation,
where the brackets stands for averaging over one orbital period. Finally, the total energy is given by 12) and is conserved
With a similar reasonning we compute the tail contribution to the integral of angular momentum. First we write
with
Using the decomposition in Fourier series of the scalar dipole moment, we rewrite K i 1, tail as a total time derivative,
Once again, the first term in this equation is a constant DC contribution that does not vanishes for circular orbit. It admits the closed-form expansion
The second term in Eq. (4.18) is a time-varying AC contribution and is zero for circular orbit. Finally, the total angular momentum is From the equations of motion in the center-of-mass frame, we then reduce the dynamics to the case of circular orbits. We haveṙ = (nv) = 0, and the acceleration is purely radial,
where ω is the orbital frequency, that can be expressed as a function of the radial parameter r only. Again we split our calculation between the instantaneous and tail parts. For the local part of the dynamics, the orbital frequency is obtained by puttingṙ = 0 and v 2 = r 2 ω 2 in the CM dynamics. We get,
where we have defined the post-Newtonian parameter γ ≡G αm c 2 r . The tail contribution to the orbital frequency is obtained directly from Eq. (3.13). We have a
where γ E is the Euler constant. Note that these two expressions are not yet gauge invariant, as they depend on the separation r which is a harmonic coordinate quantity. As a consequence they still depend logarithmically on the regularisation constants r + and r − . Inverting Eqs. is crucial in the process of obtaining a complete result. In a first stage, we obtain the energy as a function of the separation r, or rather γ =G αm c 2 r . Then, using Eqs. (B1)-(B2), we rewrite the energy in a gauge-invariant way, using the PN parameter x ≡ G αmω c 3
2/3
. Finally, we get
together with the tail part
As expected for a gauge invariant quantity, the gauge dependent regularisation constants r ′ − and r ′ + are absent from this final result. We have also checked that the 2PN part of Eq. (5.4) is in full agreement with the result of [23] .
B. Conserved angular momentum for circular orbits
Similarly, one can reduce the angular momentum to circular orbits. One gets, for the instantaneous contribution, 
VI. CONCLUSIONS
In Paper I [17] , we computed the harmonic coordinates equations of motion at 3PN order in scalar-tensor theories. In the present paper, we have complemented this work by deriving the conserved integrals of motion at the same 3PN order and their reduction to the center-of-mass frame. We have also performed the reduction of the conserved energy and angular momentum to the case of circular orbits. This result, which ends the computation of the 3PN conservative dynamics in ST theories, will be directly used to compute the energy flux and scalar waveform at 2PN order [24] .
One can note some specific effects that were not expected, originating in the presence of the non-local term in the action (2.6). As it is the case at 4PN order in GR [22] , this term gives rise to additional contributions in the energy and angular momentum, see Eqs. (4.10) and (4.18) . Note also that contrary to the GR 4PN case, there is also an additional contribution in the center-of-mass position (3.9). However this term does not have any further consequence in the dynamics.
Looking in more details at the final result one can see, as expected from our previous result of Paper 1, that in the case of a neutron star-black hole binary the conserved energy depends only on one parameter. As a consequence, the observations would not allow to distinguish between Brans-Dicke (with a constant scalar function, ω = ω 0 ) and the general scalar-tensor theories. Such a degeneracy might be lifted by including the tidal effecs. Indeed, in scalar-tensor theories the finite-size effects are expected to start contributing to the dynamics at 3PN order [25] 2 . Thus, if one wants to capture all the effects in the dynamics, the tidal effects should be properly included in the 3PN dynamics and waveforms. This will be the object of a future work [26] . 
Note that, as in GR, acceleration terms start appearing at 2PN order. The 3PN part of the harmonic coordinate Lagrangian in ST theories is, 
